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Introduction
(] J

Solving inverse problems iteratively

Observations

y
Parameters Direct model Cost function® Optimal parameters
—> —> —>
X F « ]:(X) —Y» X*

Refinement
X <= X*

* Evaluation of the cost function may need numerous evaluations of the direct model
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Metamodeling
@00

Metamodeling

Metamodel : « model of a model »

Usually, metamodel Fis defined by
@ aset of metaparameters 3
@ F(X) = Fp(X) for most X in the space

? ]-:5 is much less computationally expensive than F

Several strategies exist :
@ kriging (gaussian processes)
@ neural networks

@ polynomial-based

Main steps to build a metamodel :
@ build a metamodel with random set 3 (or choose it thanks to previous works)
Q compute ﬁﬁ over a testing set

Q refine B accordingly
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Metamodeling
oeo

Polynomial chaos

Univariate case
oo

Fx) = avix)

=0
Multivariate (d) case

Fx) = D cavalX)

ac AP
with

a = (a1 ...ag) a multi-index of dimension d

MQ

l

1
AP = o= (... o) € N, ( p) P < the subset of multi-indices

Wal0) = [T v 1)

B = (n, p) the set of metaparameters
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Metamodeling
ooe

Polynomial chaos basis

1 polynomials are all pre-determined based on the distribution of X

Distribution Polynomials Formula
UL ik P
Ula, b] Legendre PiX) = — > ( > (= 1) (x4 1)
2" k=0 \k
) Lzl i—2k
N, o] Hermite Hi(x) = > (=1) B
k=0 2Ki — 2k)!
=X gi
X d .
(X, 4 Laguerre L/O\)(X) = — (XA
il dx!
Mo +i+1 i iNT(a+B+i+m+1 x—1\Mm
Blr,s, o, B] Jacobi P,(r,s) x) = ( ) > ( > ( )
(e + B +i+1) m=0 \m Mo +m+1) 2
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Building the metamodel
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Cross-validation

Initial set :
()((1)7 y(1)) o ()((f)7 y(f)) . ()((/V’)7 y(M))

Step 1:

N . &
PO DR DY DR R D

X, Q& Q> Q . . . .
PR PTG DY DY DI PYC DY PR PRGN PR

The performance of the metamodel is the average performance of all steps
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Building the metamodel
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Tuning metaparameters

Maximal degree n :

Max Degroo =3 Wox Degree =5 ) Wax Degree =7
=° =5 .5
Lo to o
e N R T R o IR
Degré selonx Degré o x

Degré selon x

Distribution of coefficients for various maximal degrees

Hyperbolicnormp :

R pNorm=05 R pNorm=07 R pNorm=1.0
5 B B
»5 »5
24 24
e s
8 38
2
! !
o 1z 3 & 5 b 7 o IR 5 7 o 5
Dogré seon x Dogré seon x Dagré seon

Distribution of coefficients for various norms

8/22



Building the metamodel
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Metaparameter study

@ Root mean square error

@ Relative mean

@ Max error

@ Runtime

1O [0 - vo
€rms = N; !Y(’)HZ
1N |y(f) _ y(l){
€re] = N 2 Y(f)
max {V(i) — Y(’)|
€max =
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Building the metamodel
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Metaparameter stu

10 runs, OLS method, 10-fold validation

RMS error (log scale) Relative mean error (log scale)
0
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Inversion
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Solving inverse problems with metamodels

Observations

y
Parameters Metamodel Cost function Optimal parameters
> N > IN —>
X F « ]:(X) —YV» X*

Refinement
X < X*
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Inversion
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Particle Swarm Optimization

Iterative optimization algorithm ' 2 (KENNEDY et EBERHART 1995, CLERC 2010)

Initialization : swarm of particles, « best » position
— S, each point’s position — P
Iteration k, Particlei:
IFXx) — YIIP -
9 S(XM):W Ve +1
o ifEMXiK) < E(Pi), Xik — Pi
o ifEWXik) < E(S), Xik — S
9 Vi =
oV k+csrand(0, 1)(Piy — Xi k) +csrand(0, 1)(S—X; «) Vi
with ¢o : confidence in self, ¢ : confidence in swarm
@ Xikt1 = Xik + Vijks
Vp

Stopping criterion :
9 no significant variation of £(X;, ) during a given number
of iterations
@ threshold on (X x)
@ maximum number of iterations reached

1. J. KENNEDY et R. EBERHART (nov. 1995). « Particle swarm optimization ». In : Proceedings of ICNN'95 - International °
Conference on Neural Networks. T. 4, 1942-1948 vol.4 é

2. Maurice CLERC (2010). Particle Swarm Optimization. T. 93. John Wiley & Sons
12/22



Inversion
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Gradient of the metamodel 3

From the explicit formulation of the metamodel

Fy,2)= > aubi()G0)v(2)

(irj,k)€AMP)

One can obtain the gradient of the metamodel

Pord= Y as POIBOAE

ox
(ij,k)€A:P)

Which is explicit after using this recurrence formula

P (0) = (04 )Pa(x) + x5 Palx)

Only derivative w.r.t. one parameter is shown for the sake of clarity

3. B. SUDRET et C.V. MAI (2015). « Computing derivative-based global sensitivity measures using polynomial chaos e
expansions ». In : Reliability Engineering & System Safety 134, p. 241-250
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Inversion
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Gradient of the cost function

Granted the cost function is

IF(x,y,2) = VI

E(x,y,2) = e

with || - || = (-, ) the L2-norm

Differentiating w.r.t. each parameter yields

IF(x,y,2) = YII?

P P
iy _ Y
xSy a) =5y MIE

Which eventually leads to

gg(x,y,z) Re{(%f-’(x,y,z),ﬁ(x,y,z)—)J)}

2
ox IR
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Eddy Current Testing & configuration

O Coil's Magnetic Field

Eddy Current’s
Magnetic Field

Eddy.

Currents
Conductive

Material

Basic principle of Eddy-Current Testing

o
7
5 s
n=wz
2
0
0 o2 2 4w 50

Example of impedance variation map over a metal plate °
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Results
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In our case (d = 3)

X = (x,y,2) uniformly distributed
o= (07070)7 (07071)7 (07170)7(17070) st

1
AP = Lo = (i,j,k) € N3, (P + P + k)P < n

Wooo = 0(X)0(¥)10(2) = Po(x)Po(y)Po(2),
Vo1 = 1o (X)vo(Y)1(2) = Po(X)Po(y)P1(2), - - -

Making the metamodel as

Fy2)= > aPi)Py)P(2)

(i, k) €A

Computation of the Cijk coefficients thanks to UQLab* (MARELLI et SUDRET 2019) framework

°
.
4. S. MARELLI et B. SUDRET (2019). UQLab user manual - Polynomial chaos expansions. Rapp. tech. Report # UQLab-V1.2-104. e
Chair of Risk, Safety & Uncertainty Quantification, ETH Zurich
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Results
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Inversion method

Algorithms
@ standard PSO with PCE metamodel
@ gPSO : PSO-based + gradient-based displacements at each iteration

Stopping criteria
@ reaching the desired cost function value
@ spending a given number of iterations with no improvement on the cost function value

@ reaching the maximal number of iterations

Data
@ 100 points sampled by Latin Hypercube in the input space [—1,1]3
@ computation of the full metamodel for each point — impedance variation mappings
@ addition of noise on magnitude and phase

@ transformation into principal component space
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Results
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Inversion results, ideal data

Depth Length Width
Method Mean Std dev. Mean Std dev. Mean Std dev.
PSO 1.67-10—3  1.58-10—3 [ 2.18-10-%* 1.91.10-% | 6.81-10—> 7.35-1073
gPS0O 1.18-10—3  9.85.10~* | 2.17-10~% 2.56-10~* | 4.53-10—3 3.83.1073
(a) Mean and standard deviation of the absolute error for parameter reconstructions
Method Time(s) Number of iterations
PSO 2.60 105.57
gPSO 7.74 24.37
(b) Average time and number of iterations to reach a precision of
1.1073
1 1 1
£ £ =
gos 205 2 o0s
3 B B
g o g o0 ER
8-05 g-05 8-05
o o o °
-1 -1 -1 e
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
True depth True length True width
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Results
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Inversion results, noise level 5

Depth Length Width

Method Mean Std dev. Mean Std dev. Mean Std dev.
PSO 3.30-1072 4.37-10~% | 8.12-1073 1.19-10~Z | 1.04-10~7 1.18.1077
gPS0O 2.06-1072 1.52-1072 | 5.61-1073  4.52.10~3 | 7.38.1072 6.67-1072

(c) Mean and standard deviation of the absolute error for parameter reconstructions

Method Time(s) Number of iterations  Cost function value
PSO 2.17 90.98 2.432.107"
gPSO 26.23 80.12 2.397-10"

(d) Average time and number of iterations to reach a precision of 1- 1073
1 gﬁy 1 ,f‘*
-
05 o
f*ﬁ

w A

#E

Reconstructed depth
)

Reconstructed length
o
o o
Reconstructed width

"4 05 0 05 1 "4 05 0 05 1
True depth True length

True width



Results
O0000e

Inversion results, noise level 10

Depth Length Width

Method Mean Std dev. Mean Std dev. Mean Std dev.
PSO 4.80-1072 4.29-10~%2 | 1.50-10=2¢ 1.30-10~Z | 1.67-10—7 1.53.107
gPS0O 3.52.1072 2.99.10—2 | 9.07-10—3 7.97.103 | 1.39-10~" 1.13-10~"

(e) Mean and standard deviation of the absolute error for parameter reconstructions

Method Time(s) Number of iterations  Cost function value
PSO 2.07 88.82 3.877-107"
gPSO 29.07 82.89 3.848-10"

(f) Average time and number of iterations to reach a precision of 1- 1073

0.5
0

-0.5

Reconstructed depth
)
Yo
%,
Reconstructed length
Reconstructed width

-1 -1
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
True depth True length

True width



Conclusion
[

Conclusions & outlook

Conclusions

@ Integration of a Polynomial Chaos-based metamodel inside a Particle Swarm
Optimization algorithm

@ Explicit gradient computation for both metamodel and cost function

@ Improvement of rate of convergence of PSO thanks to metamodel gradient
information (25% on mean value, 40% on variability)

@ Good performances for both methods
Perspectives
@ Improve gradient computation so as to minimize time per iteration
@ Tests on real data
@ Tests on other datasets with increasing numbers of parameters (5 and 9 parameters)
@ More reliable dimension reduction ®

@ Sensitivity analysis for a posteriori dimension reduction

5. A.S. LEwis et G. KNOWLES (1992). « Image compression using the 2-D wavelet transform ». In : /EEE Transactions on Image e
Processing 1.2, p. 244-250
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